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Maximum Side Forces and Associated Yawing Moments
on Slender Bodies

J. Peter Reding* and Lars E. Ericssont
Lockheed Missiles & Space Co., Inc., Sunnyvale, Calif.

A method is presented for determining the maximum vortex-induced side force and associated yawing
moment on slender bodies at high angles of attack in incompressible flow at effective crossflow Reynolds
numbers from 104 to 108, An analogy with two-dimensional unsteady flow separation on a cylinder normal to
the flow is used to bound the maximum steady vortex-induced side force on slender bodies of revolution. It is
shown that the maximum vortex-induced side force occurs in the critical effective Reynolds number range when
subecritical separation occurs on one side of the body and supercritical separation on the other. Although the
method applies only to bodies dominated by a single asymmetric vortex pair, it could be extended to provide a
basic building block for bounding the directional stability of long bodies affected by multiple asymmetric vortex

pairs.
Nomenclature

Cou =9C,,/da

c =reference length (c=d)

d =maximum diameter for body of revolution

1

d =mean diameter =2 SO rd (xT)

da’ =sectional drag: coefficient ¢,
=d'/(p,UZ%/2)c

d, =crossflow drag: coefficient ¢ ,
=d,/ (p%/2)c

I =sectional lift: coefficient ¢, =1/ (p,, U2,/2)c

M, =freestream Mach number

m =pitching moment: coefficient C,,
=m/(p,UZ%/2)Sc

n =yawing moment: coefficient C,
=n/(p,UZ /2)Sc

N =normal force: coefficient Cy
=N/ (p,U%L/2)S

D =static pressure: coefficient C,
=(P—P) (0, U%/2)

r =local radius of body of revolution

R,R, =Reynolds number =U_d/v,,

S =reference area = wc?/4

U, =freestream velocity

Y =side force: coefficient Cy =Y/ (p,,U%/2)S

o =angle of attack

B8 =sideslip angle

Ve =freestream kinematic viscosity

Poo =freestream air density

P =roll angle

o =surface upwash angle

Subscripts

CP = center of pressure

eff =effective

max =maximum
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p or peak = peak amplitude

rms =root mean square value

v =vortex induced

wet - =wetted length

Superscripts

[ ] =integrated mean parameter value

2N 172
([ ] ) =root mean square value

Introduction

T has long been recognized that large side forces occur on

slender bodies at high angles of attack and zero sideslip due
to vortex asymmetry.! Current high angle of attack
requirements for missiles and aircraft have resulted in
renewed interest in this problem. Experimental results have
shown that the vortex-induced side force can in certain cases
exceed the normal force.? The vortex-induced side force is
extremely sensitive to Reynolds number and Mach number 3+
as well as to small surface irregularities which not only affect
the magnitude of the side force but also determine its
direction, left or right. 4>

Ever since the original work by Thomson and Morrison, ¢
most theoretical techniques have used the principle of space-
time equivalence to relate the steady three-dimensional vortex
array to the unsteady two-dimensional vortex street. These

-techniques, as well as more recent ones which use numerical

methods, rely upon experimental results to specify certain
constants used in the theory. Because the experiments nor-
mally are conducted on subscale models, the theory does not
necessarily apply to the Reynolds number range of practical

_ interest. Furthermore, unless the experimentor has searched

for the maximum vortex-induced side force by carefully
varying angle of attack, roll angle, and Mach number, the
theory will not predict the maximum vortex-induced side
force possible even at the subscale Reynolds number. It is
crucial that the missile or aircraft designer knows that the
control system can cope with the maximum side force the
vehicle can experience in flight. Therefore, an engineering
method of determining the maximum possible vortex-induced
side force has been suggested’ for use by the designer until an
adequate theoretical technique can be developed. The method
relates the steady three-dimensional vortex asymmetry to the
instantaneous, unsteady, two-dimensional vortex asymmetry
on a cylinder normal to the flow through the use of an ef-
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fective crossflow Reynolds number. The present paper im-
proves this technique through a better definition of the peak,
unsteady, two-dimensional cylinder loads and extends it to
provide prediction of the accompanying yawing moment.

The Effective Reynolds Number

There is experimental evidence that the maximum side force
on slender bodies at high a occurs in the Reynolds number
range (based on body diameter) where the two-dimensional
crossflow switches from laminar to turbulent.” This is true of
the data of Nelson and Fleeman? and Keener et al.? Thus, it
was postulated that in this critical Reynolds number range
asymmetric transition could occur resulting in subcritical
(laminar) separation on one side of the body and supercritical
(turbulent) separation on the other. Recent unpublished
pressure datal®ll  demonstrate that this subcritical-
- supercritical separation geometry does indeed occur on
slender bodies at high angles of attack. The pressure
distributions on a slender body, normalized to the normal
component of the dynamic pressure, are compared in Fig. 1 to
two-dimensional pressure distributions from Hoerner.!? At
x/d=6.1, the pressures on opposite sides of the slender body
are in good agreement with the two-dimensional subcritical
and supercritical pressure distributions, - respectively.
Secondary peaks occur in the pressure distributions over the
slender body at ¢ =55 and 305 deg, respectively, generated by
asymmetric vortices. At x/d=28.75, these secondary peaks
merge with the suction peaks just upstream of separation.
There is also an undershoot of the two-dimensional, sub-
critical, suction pressures at x/d = 8.75.

To affect separation, transition must occur upstream of the -

lateral meridian in the crossflow plane. Atraghji’s oil flow
photographs 1> show that the crossflow streamlines that feed
separation are elevated above the freestream through an angle
(0 —a) due to acceleration of the crossflow around the body
(Fig. 2). Aside from the initial transient, the feeding
streamlines are contained in the intersection between the
cylinder and a plane inclined at an angle ¢ relative to the
cylinder axis. For incompressible flow potential theory gives
o=tan~! (2tan o).

The condition of the boundary layer at separation is
determined by the viscous flow following the elliptical path
around the body from the windward to the lateral meridian in
the o-plane. Thus, it is this wetted length that determines the
critical Reynolds number for slender bodies at high «. For
a>30 deg, the ellipse has an axis ratio less than 2 and the
wetted length can be approximated as follows:

Ly = (md/8) (1 +coseco) (¢))

The corresponding Reynolds number is R,
Q) et /Voos 1.8,

=U, cos (6—

R T (U d) {cosacota+231na}{1+[1+ Yscota)?] % }
wet"_8

2 [1+ (Yscoter) 2] %

@

and the effect of flow inclination on the Reynolds number at
the separation point is

[R(a) ] _{cosacota+25ina}{1+[1+(y2cota)2]%}
R(90°) wet— 2 [1+(1/2c0ta)2]%

@

Equation (3) can be used to relate the effective Reynolds
number to the Reynolds number based on freestream con-
ditions, R.4/R,, for o <30 deg where crossflow dominates
transition (Fig. 3). However, when a <30 deg, the axial flow

J. SPACECRAFT

can have an important effect on transition!* and this
relationship no longer holds. Thus, where the simplified two-
dimensional analogy in Fig. 2 applies (i.e., for o:=30 deg) one
can, according to Fig. 3, use the following approximation
without causing more than 10% error:

. Rg=R, @

This explains the good correlation between the maximum side
force on slender bodies at high « and the critical Reynolds
number (R,) for a cylinder normal to the flow.

That this effective Reynolds number does describe the
viscous effects on slender bodies at high angle of attack is
shown by the superior collapse of the Bursnall-Loftin data !’
in the critical Reynolds number region.!¢ The same con-
clusion has been reached by Clark ' who tried to correlate his

crossflow drag using the different analytic models available:

1) The standard approach based on the normal component
of velocity, i.e., R = R sina (Fig. 4a);

2) The model suggested by Lamont and Hunt,'® i.e.,
R =R ,/sina (Fig. 4b);

3) A simplified form of the present model based on the
small angle approximation ¢=2a, i.e., R =R,/sin 2 « (Fig.
4c); and finally

4) The present method which is clearly superior to all the
others (Fig. 4d). It should be pointed out that for bodies with
changing cross sections an effective diameter, d, is used where

i=afrs(2)

Maximum Vortex-Induced Side Force

It is assumed that the maximum vortex-induced side force
on the slender body is bounded by the peak unsteady lift
occurring on a cylinder normal to the flow. The pressure
distributions in Fig. 1 show that the pressures on an inclined

‘slender body can overshoot the steady two-dimensional values

substantially; however, they cannot overshoot the peak
unsteady two-dimensional values. This is, of course, in full
accord with the impulsively started cylinder analogy.!® Very
large dynamic overshoots of static loads have been recorded
in the case of dynamic stall of airfoils.2022 Thus, the peak
unsteady lift on a two-dimensional cylinder represents the
upper bound for the maximum steady out-of-plane force (the
side force), in the three-dimensional case of an inclined
slender body. The normalizing in-plane forces for the two
cases are the steady drag and the normal force respectively.
Thus, the maximum sectional side force to normal force ratio
for the inclined slender body is bounded by the ratio of the
peak unsteady lift to steady drag ratlo on a cylinder in two-
dimensional flow

diICylgy [dCy G, - (¢2)% €

=—2F = 2
dx dx ()% ¢ Cq ©

The normalization of the maximum side force with the
normal force facilitates the estimation of the maximum side
force for a variety of body lengths and angles of attack. One
need only estimate the normal force for the particular body
and angle of attack of interest, using a technique that ac-
counts for the vortex-induced additional lift (e.g., Allen and
Perkins? or Jorgensen?*), and multiply it by the ¢, /c, value
for the correct effective Reynolds number.i Thus, ex-
perimental trends such as the decrease in IC,| with
decreasing [y /d are automatically accounted for since Cy
decreases as Iy /d decreases. This technique is valid only for

{From Eq. (4) Ry =R, for a cylindrical body wh11e for an area
changing configuration R ¢ =R, (d/d).
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bodies dominated by a single vortex pair. Multiple vortex
pairs result in cells of asymmetric vortices along the body
which produce alternating side force components.

To determine the maximum c¢; /¢, as a function of
Reynolds number, an extensive litérature search was con-
ducted for unsteady two-dimensional cylinder lift data. The
lift measurements were usually presented as root-mean-square
(rms) sectional lift values, (c,;?)*. These data?3® are
presented in Fig. 5. It can be seen that there is considerable
data scatter. A further difficulty is the determination of the
critica! Reynolds number. Wind tunnel turbulence and model
roughness exert a dominating influence over the critical
Reynolds number causing a considerable spread for a variety
of tests. Humphreys has attempted to determine the critical
Reynolds number bounds due to these effects.?6 These
bounds are presented in Fig. 5 for both (¢;2) % and c,.

Humphreys measured both the peak and the rms fluc-
tuating lift at subcritical Reynolds numbers.?® Fung made
similar measurements at supercritical Reynolds numbers.?’
- These are the only peak lift measurements known to the
authors and have, therefore, been used to determine the ratio,

180 225 270 315 360 1% 225 27 35 30
¢ ~DEG ¢ ~ DEG
PRESSURE DISTRIBUTION PRESSURE DISTRIBUTION
AT x/d = 6.1 AT 5/d =8,75

¢, /(c,?) % (Fig. 6). The data have been shifted to agree with
tHe critical Reynolds number limits of Fig. 5 and together with
the data in Fig. 5 they define the peak lift ¢, curve. This c,
curve, when divided by Jorgensen’s drag data? (shifted tO
agree with the critical Reynolds number bounds in Fig. 5),
defines the bounds of the peak two-dimensional sectional
lift/drag ratio (c; /c;), which should bound the maximum
sectional side force/mormal force ratio (dICy!|,,/dx)/
(dCy/dx) for the inclined slender body.§ Figure 7 demon-
strates that this curve does bound all the sectional data
available to the authors. Moreover, the good agreement with
Bearman’s measured lift peak for a cylinder normal to the
flow? verifies the very large ¢; /c, level at critical Reynolds
numbers. Bearman’s flow visudlization results indicated that
the stationary subcritical-supercritical separation geometry
had resulted from the collapse of the laminar separation
bubble on one side of the cylinder. Thus, this data point does
indeed represent thlie true maximum ¢, /¢, value which
bounds the sectional (d 1Cy | .. /dx) /(dCx7dx).§ ;
The pressure data on the inclined slender body!® showed
the vortex-induced normal force distribution on the cylinder

‘to be more or less rectangular whereas the side force

distribution was roughly triangular (Fig. 1). These results are
typical. Thus, the overall vortex-induced side force to normal
force ratio for a single asymmetric vortex pair (a cell) is:

ICy | max/C= Vi€ 104 ™

This boundary encloses all experimental ICyl,. /Cy data
known to the authors for «>30 deg, (i.e., where the two-

" dimensional analogy is valid)»%4%13413 (Fig. 8). This in-

cludes a large body of data where the maximum side force has
been defined through a 360-degree variation of the roll
angle. 24942

The limiting 1Cy | ., /Cy values are realized only when one
asymmetric vortex pair exists over the entire length of the
body. This occurs on low fineness ratio pointed bodies
(ogives, cones, etc.) where the vortex asymmetry begins to
develop immediately near- the apex. This explains why the
data for //d=3.5 and 5.0 ogives and for 8- and 10-deg cones

§Jorgensen’s drag data?* are presented in Fig. 5 as measured and
are also shifted to agree with Humphrey’s critical Reynolds number
limits. :

§To define the upper bound of the vortex-induced side-
force/normal force ratio, one must use incompressible data because
vort%(-induced loads tend to diminish with increasing Mach num-
ber.
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Fig. 4 Crossflow drag correlation with Reynolds number defined in
various manners.

fall close to the upper boundary in Fig. 8. This ICy ! ,./Cx
. curve is to be used to predict the maximum vortex-induced
side force at 30°<a=<70° and 104 <R <103. (This limit
will only be approached at incompressible crossflow Mach
numbers.)
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Maximum Vortex-Induced Yawing Moment

Knowing the maximum vortex-induced side force is not
enough for control system design or stability analysis. One
must also know where the side force acts. For relatively low
fineness ratio pointed bodies dominated by a single asym-
metric vortex pair, or for aircraft, where the concern is the
vortex-induced side force generated on the pointed nose at
high angles of attack, one is interested in knowing the center .
of pressure of the maximum side force induced by a single
vortex pair. For longer bodies this will also be the case of
greatest concern if the nose is slender and pointed. Even in the
case where multiple, alternating, asymmetric vortex cells exist
along the body, a technique that bounds the yawing moment
contribution from the single cell can provide a basic building
block for a more generally applicable method. :

The pressure data discussed earlier'® (Fig. 1) showed the
vortex-induced side force on a cylinder to have a triangular
distribution, while the normal force distribution was rec-
tangular. Using these distributions as unit area weighing
functions, the centers of pressure for normal force and side
force on an //d=3.5 pointed ogive were computed. Ex-
perimental datal® indicate that the maximum side force is
obtained with one pair of asymmetric vortices (Fig. 1). The
vortex-induced normal force and pitching moment charac-
teristics were extracted from the experimental data by sub- ,
tracting from the measured Cy and C, values the slender
body normal force, computed as Cy (o) = Cny (O) sin « cos o
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cos (/2)(adapting the method of Refs. 23 and 24 for both the.

normal force and the corresponding moment).

Computed centers of pressure lie somewhat aft of the
experimental values for both the vortex-induced normal force
and side force (Figs. 9 and 10). Repeat runs and comparisons
between different tests indicate the data accuracy for the
center of pressure to be approximately Ax.p/d=0.3. Even in
view of that, however, there is a persistent trend for the
measurements to be forward of the predictions. Why?

~-— LOWER CRITICAL REYNOLDS NUMBER BOUND

—=— UPPER CRITICAL REYNOLDS NUMBER BOUND
= BOUNDRY S%p/ 4
@ BEARMAN (REF,39)
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Fig. 7 Comparison of section lift/drag ratio on a cylinder in
crossflow with the peak sectional side force/normal force ratio on a
slender body.
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Leading edge vortices on delta wings depart before the trailing
edge due to the influence of the wake, thereby losing lift-
generating power. The data obtained by Keener et al.® on a
pointed ogive with and without the downstream presence of a
cylindrical afterbody indicate that the wake causes a similar
loss of the vortex-induced normal force on bodies of
revolution. Assuming that the forward shift of the center of
pressure is the same as for the delta wing, the method of Refs.
44 and 45 has been used to compute the results shown in Figs.
9 and 10. It can be seen that the match between predicted and .
measured centers of pressure has improved. Assuming that
the side force has the same forward shift of the center of
pressure improves the match between predictions and ex-
periment for the side force. A forward movement of the
center of pressure both for normal force and side force is
documented by the measurements with and without a
cylindrical aftbody performed by Keener et al.®

Secondary Vortex Effects

The supercritical boundary in Fig. 8 is shown as a phantom
line because secondary vortices could alter this boundary due
to critical Reynolds number effects. Evidence of the existence
of secondary vortices is present in Fig. 1 as secondary suction
peaks in the pressure distributions. The secondary vortex
moves outboard until its suction peak cannot be distinguished
from the attached flow suction peak near the lateral meridian.
The position of the secondary vortices is governed by the
Reynolds number of the secondary flow, which develops on
the leeside of the slender body as the result of freestream air
entrainment through the action of the primary vortices. When
transition occurs in the secondary flow (before rollup), 4 the
secondary vortex will move outboard. Similar effects occur on
a delta wing. 4’

It is easy to see how asymmetries in the secondary vortices
can result in an additional vortex-induced side force.
Asymmetric transition in the secondary flow can cause one of
the secondary vortex-induced suction peaks to move around
to the side of the body, contributing to the vortex-induced side
force. This side force component will persist until the tran-
sition becomes symmetric and the opposite secondary vortex
also moves to the lateral meridian. Thus, the ICyl . /Cy
bounds could be altered in the supercritical flow region by
critical Reynolds number effects in the secondary flow. It is

~
PN

SYMBOL  REF

z
8

CONFIG
OGIVE
OGIVE
OGIVE
OGIVE
OGIVE
SONIC  OGIVE
SONIC  OGIVE
OGIVE
OGIVE
OGIVE
OGIVE
OGIVE
OGIVE
OGIVE
OGIVE
OGIVE-CYL
OGIVE-CYL
OGIVE-CYL
OGIVE-CYL
0.25 CONE

LOW SUBSONIC  PARABOLID
0.57 OGIVE-CYL 8.18

43 0.6 OGIVE-CYL 15

43 OGIVE-CYL 11

13 0.5 OGIVE-CYL 17

13 CONE-CYL 17

5 CONE-CYL 11

CONE - 20°

O O M
N
[ens ]

o000
DO NN

w oo
[$,]

(5]

ANV OONNO AN

cooocoocoocoocold
o O

(=]

~

N
_-AINNNOOUO OO WWWWWLRWWWWwWw

[o.X] R IR AR IR
[YoYeNoloNololoXoRE RO N0 NG NE NS R NERE RERY]

SN NPRLRARAOOOVORNARNNOY
w
8]

5 OGIVE-CYL 3.5(7)
DETACHED
OGIVE-CYL 14.5
OGIVE-CYL 15.0

00
O 0000

.2
3
‘s CONE 20°
2
6

>< QDD pDxed00 +<}hl\.\49ﬂelbl 000> O0S®

3
41 LOW Sl

C

BSONIC

Fig.8 Maximum side force/normal force ratio.



520 J.P. REDING AND L.E. ERICSSON

_ 6
R, s; = 0.56 X 10

. ' <xcp> xcp
-S—P 4.0 v “
N O MEASURED (REF, 9)
3.0 N — — CALCULATED WITHOUT WAKE
EFFECTS
2.0 S— —--— CALCULATED WITH WAKE EFFECTS
_A - r- -y - W
1.0 - ] 2 i —
0 . L . " L s \ . i

th{ o .1 .2 3 4 5 6 7 .8 9 1.0
| MACH NUMBER, M
A

Fig. 9 Effect of Mach number on the centers of pressure of the
vortex-induced loads on a 3.5 //d tangent ogive when [C|is maximum.

( Xcp ) ( Xep )
cp d/Cw \ d /¢y
- 4.0 A . O MEASURED (REF.9)
3.0, — ~— COMPUTED WITHOUT WAKE EFFECTS
_______ COMPUTED WITH WAKE EFFECTS
2.0
Y - B ———

0
Fd-| 0.20.4 0.6 0.8 1.0 1.2 1.4 1.6
-6
R s X 10

Fig. 10 “Effect of Reynolds number on the center of pressure of the
vortex-induced loads on a 3.5 //d tangent ogive at M =0.6 when [Cy|
is maximum. -

unfortunate that very little data are available for supercritical
Reynolds numbers, which are of most practical interest. Such
data could give valuable insight into the seriousness of these
secondary flow effects.

Coupling with Body Motion

The literature contains some striking examples of coupling
between vehicle motion and vortex shedding. Body spin, *
coning,® and pitching motion#! all affect the vortex shed-
ding. Coupling effects will be especially large when boundary
layer transition is involved since the vortex-induced side loads
reach their maximum in this critical flow regime. The tran-
sition process itself is strongly coupled to vehicle motion (e.g.,
as in incompressible airfoil dynamics,*’ shock-boundary
layer interaction at transonic speeds®! or re-entry body
dynamics at hypersonic speeds 254).

Bearman’s ‘‘frozen’’ subcritical-supercritical separation,

which produced the maximum sectional out-of-plane load on -

a cylinder (Fig. 8), % is an example of the very large loads that
could occur as the result of vehicle motion. At a specific
critical Reynolds number Bearman found that the laminar
bubble collapsed on one side only, producing the subcritical-
supercritical separation.3® The so-called leading edge jet
effect, which is responsible for the large overshoot of ¢, for
a pitching airfoil, can eliminate the laminar separation bubble
on an airfoil® as is confirmed by recent experiments.3¢
Similar effects can occur on the pitching and/or yawing
missile body, eliminating the laminar bubble. Thus, the fact
that body motion can lock in the maximum vortex-induced
side force underscores the need for the control system to be
capable of dealing with the maximum possible vortex-induced
side force, which usually cannot be obtained by means other
than those presented herein.

Conclusions
A method has been presented which successfully bounds the

maximum vortex-induced side force and its accompanying -

yawing moment for incompressible speeds (where the side
force is the greatest), over an effective Reynolds number
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range of 104 to 108, The method relates the maximum steady
vortex-induced side force/normal force ratio on an inclined
slender body of revolution to the maximum unsteady lift/drag
ratio on a cylinder normal to the flow. This is accomplished
through the use of an effective Reynolds number. The nor-
malization of the maximum side force by the normal force
facilitates the estimation of the maximum side force for a
variety of body lengths, geometries, and angles of attack.
Available evidence indicates that body motion could lock in
the worst possible vortex asymmetry. Thus, the control
system design must be capable of dealing with the maximum
vortex-induced side force and yawing moment which at
present cannot readily be determined by means other than the
present technique. Although the present technique applies
only to bodies dominated by & single asymmetric vortex pair,
it could be extended to bodies dominated by multiple vortex
pairs. ~
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